Online Appendix
Proof of Lemma 1. Proof by induction. Whent =T,

which is linear in p and thus convex in p. Next, fix any ¢ < 7', and assume that
Vis1(p,0) is convex in p. We want to show that V;(p,0) is convex in p. This is

equivalent to showing that for all p,p’ € [0, 1] and X € [0, 1],
AVilp, 0) + (1 = MWVi(p', 0) > Vi(D),

where p = A\p + (1 — A\)p/. To this end, fix a p,p’, and A € [0, 1] and define the
following binary signal b € {0,1} on 6:

pT/\7 Pr(b:1|0:0):(1_p))\
p

Prib=10=1) =

Now define the following two signals ¢ and &

o :{0,1} — A([0, 0]), where o(8) = F(-|6)
5 :{0,1} — A([0, 0] x {0,1}), where 5(0) = F(-,-|6),

and for b* € {0,1}, F(s,b*) = F(s|0)Pr(b < b*|#). Note that & Blackwell dominates
o. Now assuming that the agent has prior belief p let G,(-|p) and G,(-|p) denote the
distribution of posteriors after observing o and &, respectively. It follows from the
Law of Iterated Expectations that:

Gi(qlp) = Pr(b=1|p)G:(qlp)+Pr(b = 0[p)Gi(qlp) = AG:(qlp)+(1—N)G:(qlp). (19)

Now, note that since V,,1(p,?) is convex in p and V;;1(p,1) = pR(t + 1,1) + (1 —
p)R(t + 1,0) is linear in p, Vi11(p) = max{Vi11(p,0), Viy1(p, 1)} is also convex in p.
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Thus

Vii1(q)dGy(q|p)

IN

++1(9)dGy(q|p)

0=,
[

A / Vier (0)dGi(qlp) + (1 — N) / Vior()dGo(alp)
= AVi(p,0) + (1 = MVi(p', 0),

where the inequality follows from Blackwell’s (1953) Theorem, and the second

equality follows from (19). O

Proof of Lemma 2. Fix a ¢, and assume by induction that (1) holds for all s > ¢.

First, consider the case where ASB = 1 for some s < t. By informativeness,
Pr(r <t]i = G) < 1. Thus R;_; = 1. It follows that V.%(p,1) = VE(p,0) = 1 for all

s > t since
‘/tD(L 1) - V;D(]wq)) > 0 and ‘/tD<07 1) - ‘/tD(07(Z)) <0

(1) holds in t.
Next, suppose AZ? < 1 for all s < ¢. Consider the case where A? = 1. By the
informativeness property, Pr(t =t|7 > t,i = G) < 1. Thus,

ViR (p, 1) <V (p,0) = 1 forall p, (20)

and so V;(0,1) < V;4(0,0). To show that (1) holds in ¢, it remains to show that
Vi(1,1) > Vi(1,0). Assume by contradiction V;(1,1) < Vi(1,0). If t = T, then
Vi(po, ®) > Vi(po, 1), and thus AP = 0. Contradiction. If t < T, it follows from the
inductive assumption that V;(1,0) = V;11(1, 1). So,

Ve (1,1) < Vi(1,1).

By (20) and the fact that V;?,(0,1) > V,”(0,1) it follows that V;11(0,1) > V;(0,1),
and thus V1 (po,1) > Vi(po, 1). So, B can profitably deviate by choosing AZ = 0
and AZ | = 1. Contradiction.
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Next, consider the case where AP = 0. By the informativeness property, Pr(r =
tlr < t,i = G) > 0. Thus, V,(p,0) < V,fi(p,1) = 1 for all p, and so V(1,1) >
Vi(1,0). To show (1) holds in ¢, it remains to show V;(0,1) < V;(0,0). Assume by
contradiction V;(0,1) > V;(0, (). Since V;(p, 1) is linear in p and by Lemma 1 V;(p, 0)
is convex in p,

Vi(p, 1) > Vi(p, ) for all p > 0.

It follows that
Vi(po, 1) > Vi(po,0) > V,” (po, 0).

Thus B can profitably deviate by playing A? = 1. Contradiction.

Finally, consider the case where A7 € (0,1). I claim that A7, > 0 whenever
t < T. Suppose not, by contradiction. By the informativeness property, Pr(r =
t 4+ 1]i = G) > 0. First, consider the case where V;”(py, 1) = Ko(1 — po) + K1po < 0.
Because AP € (0,1), V;f(po,1) < 1 and because A7, = 0, V;%,(py,1) = 1. Thus,
Vi(po, 1) < Vis1(po, 1). It follows that AP = 0 and AP, = 1is a profitable deviation.

Next, consider the case where V" (po, 1) > 0. Since V&, (po, 1) = 1, Viy1(po, 1) >
Vi(po,1) for all 7 £ ¢ + 1, and thus A2 | = 1 is a profitable deviation. It follows
from the above statement that B is indifferent between acting at ¢t and ¢ + 1 when
t <T. Thus,

Vi(po, 1) = Vig1(po, 1) (21)

Now, we want to show V;(1,1) > V(1,0). Suppose not by contradiction. By the
inductive assumption, V;(1,0) = V;41(1,1) and V;(1,1) < V;44(1,1). Thus, by (21),
Vi(0,1) > Vi41(0,1). If X < 1 this implies

R(t,1) < R(t+1,1) and R(¢,0) > R(t + 1,0),

which is a violation of Assumption 2. Now suppose X = 1. First, suppose R(t,1) <
R(t+1,1). In order for (21) to be satisfied, R(t,0) > R(t+1,0), which again implies a
violation of Assumption 2. We can analogously show that we cannot have R(¢,0) >
R(t+1,0). So, it follows that R(¢t,1) = R(t+ 1,1) and R(¢,0) = R(t + 1,0). When
t = T, this implies a failure of informativeness. When ¢t < T, by the inductive
assumption,

Vi(p,0) > Viyi(p, 1) = Vi(p, 1) for all p > 0.
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Thus, Pr(r = t|i = G,0) = 0 for all 6. Since AP > 0, this implies R(¢,0) = 0 for all
6, and thus V;(p, 1) = 0 for all p. But by informativeness, R(s,#) > 0 for some s > t,
0. Thus, B can profitably deviate by playing AZ = 0. O

Proof of Lemma 4. Fix a t. Suppose by induction p} < 1 for all s < ¢. We want to
show p; < 1. First consider the case where AZ = 1 for some s < t. This implies
X < 1, otherwise, AZ = 1 cannot be part of a fixed point. It also implies R,_; =1,
and thus p; = p; € (0,1). Next, consider the case where AZ < 1 for all s < ¢. First,
suppose that A? = 0. Then R(¢,1) = 1 for all §, so p; < p, < 1. Next, suppose that
AP > 0. This implies that V;(1,1) > V,(1,0). Thus, p; < 1.

0

Proof of Lemma 5. Fix any fixed point x of ®. First, I show that (x, R*) satisfies
Assumption 1 and Assumption 2. That Assumption 2 is satisfied follows from the
assumption that G plays cutoff strategies in every t. To see why Assumption 1
holds, note by Lemma 4 that for all ¢, p; < 1. Now fix a ¢t and suppose that Af <1
forall s < t.

If AP =0, then
Pr(r=tli=B,0,7 >t)=0and Pr(r =t|i=G,0,7 > t) > 0 for all 0,
so Assumption 1 is satisfied. If A? > 0, then
Pr(r=tli=B,0=1,7>t)=Pr(r=tli=B,0 =0,7 > 1).
However, since G plays a cutoff strategy,
Prir=tli=G,0=17>t)>Pr(r=ti=G,0=0,7>1),

so Assumption 1 is again satisfied.

It remains to show that (z, R”) is an equilibrium. It follows by definition that R”
is consistent with Bayes’ Rule, given x. Next, I will show that given R%, (p;)!_; and
(AP)L, are optimal for G and B, respectively. Since z is a fixed point, A? € 7 (x)
for all x and the optimality of AP follows from the definition of ®7. Next, consider

G. First, we want to show that at any ¢, it is optimal for G to play a cutoff strategy.
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Now, note that because AP is optimal under this fixed point for any ¢, the reasoning
of Lemma 2 applies here. Thus, (1) holds here. Because V;(p, () is convex in p
(Lemma 1) and Vi(1,p) = pR(t,1) + (1 — p)R(¢,0) is linear in p, playing cutoff
strategy p; is optimal. It remains to show that for all ¢, p, = p;. Fix a t and suppose
by induction that p; = p? for all s > t. By the definition of ®, it follows that
Of (x) = p; = P

U

Proof of Lemma 6. Fix a t, and assume A® and A® satisfy the given assumptions.
We want to show that R; € (0,1). Proof by induction.

Base case: s = 0. Ry = R € (0,1) by assumption.

Induction step: For any s € {1,...,t}, assume R,_; € (0,1). We want to show
that R, € (0,1). It follows from Bayes Rule that

1

Pr(t#s|t>s,i=B) °

Ry =
L+ Pr(t#s|T>s},i=G)

(22)

To show that R, € (0, 1), it suffices to show that both the conditional probabilities
in (22) lie in (0, 1). In equilibrium,

Pr(t #sltr>s,i=B)=1- A% €(0,1),

where AP € (0,1) holds by assumption. It remains to show that Pr(r # s|t >
s,i = G) € (0,1). To this end, because the good agent is playing a cutoff strategy,

o | 0 forall p < p;
t\DPt|Pt—1) = Gi(pt|pe—1)—Gi (p?|pe— *
(p |th(lp)?‘pt;(1p; p—1)  forallp > Dy
We can write
1
Pr(r#s|t>s,i=G) = / G(p; [pr—1)dHy -1 (pr-1). @3)
0

Now, we make two observations:

1. Gi(pi|pi-1) € (0,1) forall p,_; € (0,1).
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2. Hi_1(p—1) is continuous in p,;, following from the continuity of
Gt—l(pt—l ’pt—2> inp;_.

It follows from the above two observations, combined with (23) that Pr(7 # s|t >
s,i=G@G) e (0,1).

O

Proof of Lemma 7. Fixany p € (0, 1). It suffices to show that for each ¢, there exists

P, € (0,1) such that if py < p,, then p; < p for any equilibrium under py.

Suppose not, by contradiction. Let s be the last period such that the statement
fails. Since by Proposition 3 p}. = py in any equilibrium, s < T'. Thus, there exists a

¢ > 0 and a sequence of priors (pg)5>, such that lim,_, pjj = 0, where
py" > qforallnand lim p;} =0, (24)
n—oo
where p;" is some equilibrium under pj;. Let superscript n refer to objects under
this equilibrium.

It follows from B’s indifference (Proposition 3) that

lim [R"(s + 1,0 = 0) — R"(s,0 = 0)] = 0. (25)

n—oo

Thus, in order for the p¥" to be optimal for all n

lim [R"(s + 1,0 = 1) — R"(s,0 = 1)] = 0. (26)

n—oo
Now, it follows from Bayes Rule that for any ¢,

1

=R}, )
1+ R;LllX (t,0)

R"(t,0) =

where

AB,npn
X" = t 0 )
(t.6) Pr(r=tltr £t,i=G)Pr(0|t =t,i = Q)

Thus, in order for (25) and (26) to hold,

lim X"(s,0) = lim X"(s +1,0) for 6 € {0,1}. (27)

n—oo n—oo
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However, it follows from (24) that

Pr(0 =1t = s,i = Q) Pr(0 =0|T =s,i = Q)

li = hile i =
W P =1 — s LGy oW I o —s i)
which implies that (27) fails. Contradiction.

0

Proof of Lemma 8. 1 begin by showing AP < 1 for any ¢. To this end, I will prove
the stronger statement that there exists X € (0,1) and b € (0,1) such that A? < b
in any equilibrium under any $ when X > X.

Proof by induction. Fix any ¢. Suppose there exists an X, ; andb, ; € (0,1)
such that A? < b, ; forall s < ¢t when X > X, ;. This holds vacuously when
t = 1. We want to show that there exists X, € (X, ;,1) and b, such that A? < b,
for all s < ¢t when X > X,. Suppose not, by contradiction. Then, there exists

a sequence of X, (X,,)22, with X,, — 1 where A" — 1 for some equilibrium
strategy A" for B under some value of 3 under X,. Let superscript n denote
equilibrium objects under each such equilibrium. I claim V;”" must satisfy the

following two properties:
1. There exists an N and V < 1 such that V;>"(py,1) < V forall n > N.
2. limy, o0 V2" (o, 0) = 1.

These two properties imply that there exists an N such that for all n > N,
V2" (po, 1) < V2" (po, B), thus implying that A”™ = 0, a contradiction.

I begin by establishing 1. Since X,, — 1, it suffices to show that there exists N
and R < 1 such that R*(t,1) < R for n > N. The inductive assumption implies
there exists R < 1 such that R | < R. Since A — 1, there exists an N and A > 0
such that for alln > N, A} > A. Recall that

1

| 4 =R poA;”
Ri—1  Prn(r=t|i=G,7>t,0=1)

RM(t,1) =

It thus follows that for all n > N,



Next, I establish 2. It suffices to show R} — 1. We know by assumption that

AP™ — 1. Note that for any n such that A" = 1, by the informativeness
assumption, p;" < 1, and thus R} = 1. Let X, denote the subsequence of (X,,)>°,

such that A} < 1. Note that if X, is finite, then the statement holds trivially. Now
suppose X,, is an infinite subsequence. A7 < 1 implies V;>"(po,1) < V;>"™(po, 0).
This implies V;""™(po,1) < V;™(po,0) and thus p;"™ > py > 0. This then implies
that there exists ¢ > 0 such that Pr™(r # t|7 > t,G) > ¢. Furthermore, by the
inductive assumption, p;,, > po for all m and s < . So ,there exists a R > 0 such
that R7", > R for all m. Thus,

lim R = lim ! =1

m—00 m—00 1 + I_Rﬁl 1—A1tﬂ
R, Prm(r#t|t>t,i=G)

Now, I show that A? > 0 for any ¢. Suppose not, by contradiction. Then there
exists a sequence of X (X,)2, with X,, — 1 where A”" = 0 for all n under
some equilibrium strategy A" under X,, and some §3. Since G acts with positive
probability in equilibrium under any ¢ by Lemma 2, R"(t,0) = 1 for all §. Since
X, — 1, lim, oo V%™ (po, 1) = 1. Thus, V""" (py) — 1. Since R, < 1, this implies
that for n sufficiently large, B’s expected reputation at the end of the game exceeds
Ry. Thus R" cannot be consistent with Bayes Rule. Contradiction. 0

Proof of Lemma 9. I begin by establishing the bound R. by Lemma 8, in every
equilibrium under any 8 and ¢, V;%(py) = V,%(po,0). This implies V;%(py, 1) <
V€ (po,0), and thus p; > p, for all t. Thus there exists p € (0,1) such that
Pr(t =t|6 = 0,i = G) > pin any equilibrium, under any 3. Namely, one such p is
the probability 7 = t given 6 = 0, i = G and the good agent plays cutoff strategies
pi = po forall s < t and p; = p,. Thus, in any equilibrium

Now, I establish the bound R. Suppose by contradiction that there does not exist

such a R. Then, there exists a sequence of equilibria, indexed by n (under possibly
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different values of ) such that

lim R™(t,1) = 1. (28)

n—o0

Now, recall that .

1 4 =Ry Pri(r=ti=Bo=1)"
Ro Pro(r=t[i=G,0=1)

Thus, in order for (28) to hold, lim,, ., Pr"(7 =t|i = B, = 1) = 0. Since Pr"(1 =
tli=B,0=0)= % Pr(r =tli=B,0=1),

R(t,1) =

lim Pr'*(r =tli=B,0 =0)=0.

n—o0

However, as previously shown for all n, there exists p > 0 such that
Pr(t =10 =0,i=G) > p.

This implies
lim Pr*(t =t|0 =0,i = B)
n—oo Pro(r =t|0 = 0,i = Q)
and therefore lim,,_,,, R"(¢,0) = 1. Since lim,,_,,, R"(¢,0) = 1 for all 6, it follows
that for n sufficiently large, B can profitably deviate by playing the pure strategy
AP = 1. Contradiction. O

=0,

Proof of Proposition 5. First, we want to show that both players play cutoff
strategies in every t. Note that the proofs of Lemma 1 and Lemma 2 do not rely on
the assumption that B is unable to learn, and thus apply in this setting as well.
Now note that Lemma 1 applies to B’s value function as well, i.e., V,®(p,0) is
convex in p. Next, because V,¢(#,a) = V,2(0,a) for all § € {0,1} and a € {0,1},

Lemma 2 applies to B’s value function as well, i.e.,
V:B(1,1) > V;B(1,0) and V;5(0,0) > V;5(0, 1) for all ¢.

at p;7~ = p;~ tollows immediately from the fact that p,a) = p,a) tor a
That p3” = pi® follows immediately from the fact that V2 V.S for all

p, a. To show p;"? < p} @ forallt < T, note V.B(p,1) = VY (p, 1) for all t, but because

G’s signal Blackwell dominates B’s signal and has a strictly larger support on the
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likelihood ratios:
VE2(p,0) < VE(p,0) forallt < T and p € (0,1).
The statement follows immediately. O

Proof of Proposition 6. We wish to extend the proof of Theorem 1 to the setting
where the bad agent observes signals drawn from f?. Thus, fix an f” with support
(2,%Z), where z > 0 and Z < oco. First, note that Lemma 3 extends immediately.
Now, rather than letting AP refer to the bad agent’s strategy in ¢, given B’s strategy
(i), let

AP = Pr(r =tjr > t,i = B).

Let us begin by extending the proof of existence of K (again, the existence of K,
follows analogously). Following the proof of Theorem 1, there exists N and W < 0
such that for all n > N, WP-Bn(p,) < W, where p, < 1 is the upper bound on the
support of beliefs for the bad agent in s. Since A?" € (0, 1),

WhBrMB) > W > 0.
So it again follows that for all n > N,
R"(s,1) — R*(s +1,1) > —W,

a contradiction.

Next, we will extend the proof of the existence of p. We will extend each step of
the proof in turn. Again, we assume by contradiction that there exists a sequence
{Pom oz, where po,, € (0,1) and lim,, ;o po,n = 0, such that for all n p;, > p;.
Hereafter, let p, ,, denote the upper bound on the support of beliefs that the bad
agent might hold at ¢ under prior py ,,.

To extend step 1, we will instead show that there exists an /N such that for all
n> N, AP > 0forall s > t. The proof that AP, > 0 for all n follows identically.
Next, consider s > t. First note lim,, ;o p;,, = 0. Thus there exists N such that for
alln > N,

PenE1+ (1 =D, Ko <0.

56



Now, suppose by contradiction that for some n > N, AP, = 0. Then we have that

VB (ptm ) > VB (ptn7 1)7

which contradicts that Afn > 0. Hereafter, I redefine {po,}>, to be the sequence
{po,n}i’;wﬂ-

To extend step 2, we note by step 1 that AT, € (0,1) forall s > ¢ (that AZ, < 1is
immediate). Thus for all s > ¢ and n, there exists p,,, € (p,, ,Pr,) such that

Vi (psn, 1) = VI (psms 1)
Since lim,,_, oo Pp, = lim,, oo Prn=20,

lim VB S (s 1)=VE L (psin, 1) = (1=X)(B*—B* T Ko+ X lim [R"(s,0)—R"(s+1,0)]
n—00 ’ n— 00

S

Thus step 2 follows from the same reasoning as in Theorem 1.

To extend step 3, first define

Jy Jon (1 = p)dGE, (plpe—1)AHE, (pe-r)
fo fp*BPthB (pelpe— 1)dH n(Di-1)

Y

B
Qn,t

where G and HJ, are defined analogously for the bad agent as they are for the
good agent. We want to show

. Qnt o
nl—>ooQ =0

As before, ), + < p% — 1. Meanwhile, since pf”f <P, foralln

t,n

o o Sy dGE (pilpi1)dH], (pin) PRI

e fo fp*BptndGB (pelps— 1)dH (De—1) Ptn

Recall that lim,, . p;,, = 0. The statement follows immediately. It follows from
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step 2. that

fol fl (1 - pt)den(Pt|Pt—1)dH5n(pt71)

*
pt,n

s is bounded.
fo fpi‘,n(l — pe)dG o (pe|pi—1)dHy 1 (pr—1)

Thus,

fol fpljf pthEn(pt|pt—1)dH£n<pt—1) 01 fl*vB (1 - pt)dGEn(pt|pt—1)dHt],3n<pt—1) Qn’t

el flfl dGy 0 (py| )dH; )_n—>oo fl
0 Jpr,, P0G n\Pt|Pt—1 t,n\Pt—1 0

=0.
*n(l - pt)th,n(Pt ’pt—l)dHt,n(pt—l) 7]13,7&

So, lim,, o R, (t,1) = 1.

The extension of step 4 is immediate. A contradiction follows as in the proof of

Theorem 1.

O

Proof of Proposition 7. First, I argue Lemma 2 must hold when 7" = oo and X =
1. I now show V;(1,1) > Vi(1,0) (that V4(0,1) < V;(0,0) follows analogously).
Suppose by contradiction V;(1,1) < V;(1,0). This implies R(¢,1) < R(r, 1) where
T = argmaxg, ., R(s,0 = 1). If R(¢,0) < R(7,0) this implies that either G or B
could profitably deviate (in G’s case, by never acting at ¢). If R(¢,0) > R(7,0), this
implies that either G’ or B could profitably deviate, or in the case where R(t,1) <
R(7,1), there is a failure of Assumption 2.

That Lemma 2 holds implies that R(¢,0 = 1) (R(t,6 = 0)) is strictly decreasing
(increasing) in t. Because they are also bounded, by the Monotone Convergence
Theorem, there exists R' and R° € [0, 1] such that

lim R(¢,1) = R and lim R(t,0) = R°. (29)
— 00

t—o00

This implies that there must exist a ¢ such that V;(0, p) is convex, and thus the proof
of Lemma 1 must extend to this setting. It follows that G plays a cutoff strategy

p; € (0,1) and B mixes in every t. Now note that because of this
R(0,1) < R(D,0) and R(t,1) > R(t,0) for all t.

Thus, by (29), lim;_,», p; = 1. In order for R to be consistent with Bayes Rule, this
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implies that one of the two limits must hold:

lim R(¢,1) =1 lim R(t,0) = 0.
t—o00 t—o0

However, this contradicts the fact that R(¢,1) is strictly decreasing, and R(t,0) is

strictly increasing in ¢. O

Proof of Corollary 4. Fix any 7' < oo. Restrict attention to strategies where 5 and
G never act after 7. Furthermore, let R(¢,0) = O forallt > T, 6. Forallt < T
let the strategies and R be those specified by an equilibrium under a deadline T,
the existence of which is guaranteed by Proposition 1. It follows that this is a 7-

informative equilibrium. O
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