Supplemental Appendix

Proofs of Lemmas

Proof of Lemma 1. Let us begin by showing that at all (p,n) on-path such that
p < 1, F,, is continuous at 0. To this end, suppose by contradiction that F},,, is
discontinuous at 0. By the right-continuity of F,,, this implies that F},,(0) > 0.
Because (p, n) is on path, by (4), a,,(p) = 0. Furthermore, it follows by definition
that p*(0) = p. Recalling that we are restricting attention to symmetric equilibria,
let U denote the first-report distribution at (p,n) under the equilibrium strategy
profile F, .. Because F,,,(0) > 0, ¥(0) > 0 for all ¢ who have not yet reported.
Now define the following deviation F,, .. This strategy is identical to F}, ,, except

that all the mass that £}, ,, places on 0 is shifted to oo:

(20)

. F,n(s) — F,,(0) ifs < oo
1 if s = o0.

Now, fix some i who has not yet reported. Let ¥ denote the first-report distribution
at (p,n) under the strategy profile where i plays F,,, and all j # i play F,,. By
definition, for all s > 0, ¥(s) = Wi(s) — ¥¥(0). Then,
| no(s) = 50 = p6D1a¥ () > [ raonlols) = 51— )1V (),

Again by definition, for all s > 0, U~(s) = U~(s) + X(s), where

X(s) =0 (0)[p / (1= Fp) ™" (1 = By (r))e N d(e7 (B (r) = 1))

0
H1=0) [ (1= By )Y (= B0y (1)

Then, we have

/ Vp—i(s),nﬂd‘i’_i(S)—/ Vit ms1d0 " (s) :/ Vomi(s)n41dX (s) 2 0.
0 0 0

where the final inequality follows from X(s) increasing in s and V,-i(g) 41 >
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Vi-i(s)nt1(0ss) > 0. Combining the above two inequalities we have

VinlFy) = [ naalal9) = 501 = FONTE) + (8 =) [ Vo0

> /Ooo[knan(P(S)) — B(L = p'(s))]d¥'(s) + (N — n)/o Voi(5)n1@8 7 (8) = Vo (Fpn)-

Thus, ¢ can profitably deviate at (p, n). Contradiction.

It remains to show that continuity applies at all ¢, for all (p, n) on-path such that
p < 1. Suppose by contradiction that it is not. Let ¢ denote the time at which there is
a discontinuity. Because F), ,, is increasing and right-differentiable lim,_,;_ F), ,,(1) <
Fpn(t). By (3), Fyt)n(0) > 0. Thus, F,) ., is discontinuous at 0. Contradiction. [

I now state and prove a technical lemma (Lemma 6),which is used in the proof

of Lemma 2.

Lemma 6. For any (p,n) on-path, a,,(p) > a,,(p) = min{B(1—p)/kn, 1} and F , (0+) <
F=M(5 -1

Proof of Lemma 6. We begin by showing the first point above. The second point
follows by definition of a,(p).

First, suppose by contradiction that there exists a (p,n) on-path such that
an(p) < min{S(1 —p)/kn, 1}. Recalling that p(s) is given by (2), I begin by showing
that for all s sufficiently small, (p(s),n) is on-path. Suppose not by contradiction.
Since (p,n) is on-path, this implies that F),,,(s) = 1, which contradicts Lemma 1.
It thus follows from (4), combined with the piecewise twice differentiability
and right-differentiability of F),,, that «,(p(s)) is continuous in some right-
neighborhood of s = 0. Thus, there exists an ¢ > 0 such that for all s € [0,¢],
knan(p(s)) < B(1 —p).

Next, I claim that F}, ,,(¢) > 0. Suppose this is not true by contradiction. Then, it
follows that F, ,(s) = 0 for all s € [0, ¢, implying by definition of « that a,,(p) = 1,
contradicting the assumption that o, (p) < 1. Now, define the following deviation
FE,.,, which shifts the mass F},,, places on [0, €] to co:

0 if s € [0, ]
Fp,n(s) =9 Fpu(s) — F,n(e) ifse (e,00)
1

if s = oo.
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The admissibility (i.e., right-continuity and piecewise twice-differentiability) of

E,,, follows from the admissibility of F,,. We now wish to show that £, is

a profitable deviation at (p,n). Let ¥ denote the first-report distribution under

the strategy profile where all players play F,,, and let ¥ denote the first-report

distribution under the strategy profile where i plays F,,, and all j # i play F},.
By definition of W, ¥(s) = ¥i(s) — X (s), where

p Jo e NI = By (r)N (e (Fp () — 1))
X(s) = +(1—p) fos(1 - Fp,n(r))N_nde,n(m if s €10, €]
X(e) ifs>e.

X (s) is weakly increasing in s. Furthermore, because F, ,(¢) > 0, it follows that
F,

»n(8) strictly increases on [0, €]. Thus, X (s) is strictly increasing at some s € [0, ¢].

Now, by the above definition:

/O T hwon(p(s)) — B — pi ()] (s) — / " kwan(p(s) — B(1 — pi(s))]dV(s)
= [ tanlol) = 501 = o)X (3) > 0.

where the strict inequality follows from the fact that X (s) is strictly increasing on
[0, ¢] and the above-established fact that k., (p(s)) < 5(1 — p(s)) for all s € [0, €].
Next, let us consider U~(s). By definition, ¥~(s) = ¥~(s) — Y (s), where

Y(s) = —p / (e (L = Fyn(r )™ 2 Fyn(min{r, e} d(e ™ (Fya(r) — 1))~
(1-p) / (1= Fya(r)" 2y (min{r, €})d By (1)

Thus,

/0 V;,—z'(s)erld\if_i(S) —/ %—i(s)7n+1dqf_i(8) = / VI-,—i(S)yanY(S) > 0.
0 0

where the final inequality follows from the fact that Y'(s) is weakly increasing in

s and Vj-i(5n11 > 0. Combining the previous two inequalities, we obtain that

Von(Fpn) > Vpn(Fpn), and thus i can profitably deviate at (p, n). Contradiction. [

Proof of Lemma 2. Assume that o, (p) < 1. By the right continuity and piecewise
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twice-differentiability of £}, ,,, and by (4), it follows that o, (p(s)) is right-continuous
in s. Thus, there exists an ¢ > 0 and d > 0 such that o, (p(s)) < 1—d for all s € [0, ¢).
I claim that for all s € [0,¢), V,, = V},,(d5). Suppose by contradiction that for some
5§ €(0,€),Vpn(ds) < V,,. Ishow that V,,,,(d,) is right-continuous in s. By definition,

S

x@wgzllwmmmwwwww—mlV@Mﬂﬂww

(1- Z W () [kncra(p(s)) — B(1 = p(s))];

where W/(s) is the first-report distribution that arises when i plays 0., and all j # i
play F,,. The right-continuity of V, ,,(d,) with respect to s then follows from the
absolute continuity of ¥/ (which follows from Lemma 1), and the right-continuity
of v, (p(s)) with respect to s, which follows from the right-continuity of £}, ,,(s).

Given the right continuity of V,, ,,(d;), there exists some ¢’ € (0,e — §) and z > 0
such thatV,,, —V, ,(0,) > x for all r € [3, §+¢']. I claim there exists some s* € [0, 00|
such that V,,, = V,,(0s+). Suppose by contradiction that V,,, > V,,(d,) for all
s € [0, oc]. It follows from (5) that

WMD:AV%@W%@+O—MEM%M@<%m

S—00

where the strict inequality follows from the assumption that V,,,, > V,, ,(d;) for all
s. Thus, F' cannot be an equilibrium strategy. Contradiction.

Now, define the following deviation F. This strategy is identical to F, except
F, , shifts all the mass from [s, s + /] to s*. Specifically, when s* < &:

Fyn(t) + Fyn(G+2) — Fyn(3) ift €[5, 5]
Fpult) = Fyu(3+¢) ift € (354

F,.(t) otherwise.

Meanwhile, when s* > 5 + ¢’

F,n(s) ift €[5,5+¢]
Fpn(t) = Fpu(t) = [Fon(5+ &) — Fpu(3)] ifte (5+¢,s)
F,n(t) otherwise.
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Now, by definition:
R
Vol F) = Vo (F) + / Vo (60e) = Vo (5:)dFpn(r) = Vo (F) + 7' > Vo (Fo).

Thus, F is a profitable deviation. Contradiction.

It remains to show that V,,, = V,,,(0). Suppose by contradiction that V,,,, >
Vpn(do). It follows that lim, . F},,(t) = 0, because otherwise, the firm could
profitably deviate by placing no mass on ¢ = oo. Thus, for some s € (0, 0],
limy5— bp(p(t)) = 00 = limys— ay, (p(t)) = 0, which contradicts Lemma 6. O

Proof of Lemma 3. Fix a (p, n) on-path. I first show that for all s > 0,

Ap(s)

Ffn(st)
Ap(s) + 1—Fp o (s)

(21)

It follows from Lemma 6 that (p(s), n) is on-path for all s > 0. Thus, by Lemma 1,
Fyn(0) = 0, and by (4) an(p(s)) = Wﬁ?,—%. Next, it follows from (3) that

F} o n(04) = IF_’,’;p(ig) Combining the previous two equations yields (21). It thus

follows from the right-differentiability and piecewise twice-differentiability of F}, ,,
that o, (p(s)) is right-continuous in s. It remains to show that «,(p(s)) is left-
continuous in s. Suppose by contradiction there exists an s such that a,(p(s)) is
left-discontinuous. Then there exists some d > 0 such that for all £ > 0, there exists
an s. € (s — ¢, s) such that |, (p(s:)) — a,(p(s))| > d. First consider the case where
forall e > 0, there exists an s. € (s —¢, s) such that a,,(p(s:)) — an(p(s)) > d. I begin
by claiming that for all e > 0,

Vi(se)n = Vise)mn(s—s.)- (22)

Note that there exists some s* € (s, 00] such that Vjs.)n = Vys)n(0s:—s.). To see
why this must hold, suppose not, by contradiction. Then it must be that Fj.)»

places full mass on [0, s — s.|, and thus, either Lemma 1 or (6) would be violated.

Thus, we have
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‘/17(85),n = / ]CnOén(p(Sg + T))d\I’Z(T) + (N — fn,)/ ‘/}'Oi(sg—i—r)’n-i,-ld\llii(?n)
0 0

+(1— Z \I]j(s - Ss))VP(S)mQS*fQ

N / knan(p(ss + T))d\lﬂ(r) + (N o n) / ‘/Ilﬂ(ss-‘:-r),n-&-ld\l/_i(’f’)
0 0

+ (1 — Z \I/j(S - 35))‘/19(5),71(50) - ‘/]7(55)777/(55_38)7
J

where V is the first-report distribution associated with the strategy profile in which
i plays 0o, and all j # i play F)s.),. Note that the equality follows from the fact
that a,,(p(s)) < 1, and thus by Lemma 2, V() , = Vjp(5),n(0). However, note that for
alle >0,

Vi(s)n(0s—s.) = /0 ki (p(se +1))d ¥ (r) + (N = n) /O Vit(ser)ntrd ¥ (r)

+(1 - Z W (s — s))[kncn(p(s),n) — B(1 — p(s))].

J

Because the U/ are absolutely continuous,

ll_r)% ‘/]7(35)77'1«(65_55) = knan(p(s),n) — B(1 —p(s)).

Then, by the assumption that a,(p(s:)) — a,(p(s)) > d, for all ¢ > 0 sufficiently
small V,(5.).n(00) = knon(p(se),n) — B(1 — p(s:)) > Vi(s)n(0s—s.), contradicting (22).

Next, consider the case where for all ¢ > 0, v, (p(s)) — an(p(se)) > d. As shown
above, lim._,0 Vy(s.)n(0s—s.) = Vp(s),n(00). Thus, for ¢ sufficiently small,

V(s (0s—s.) > knon(p(s:)) = B(L = p(sc)) = Vi(s)n(00)-

However, since o, (p(s.)) < 1forall ¢ > 0, by Lemma 2, Vj(s.)n = Vis.)n(d0)-
Contradiction. O

Proof of Lemma 4. Fix an (a, F'). I begin by establishing the necessity of the
three conditions specified in Definition 2 for («, F') to be an equilibrium. First
we establish the necessity of part 3. of Definition 2. To this end, recall that by
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the selection assumption, £ ,(0) = 1. Thus, it follows from (4) that «,,(1) = 0 if
(p = 1,n) is on-path. Parts 1. and 2. of Definition (2) follow immediately from
Proposition 1 and Proposition 2, respectively.

Next, we establish the sufficiency of the above conditions for (a, F') to be an
equilibrium. We begin by considering the case in which k, < fand p < p;. It
follows from Definition 2 that a,,(¢) = 1 for all ¢ < p. Thus, by (4), £}, = d.
We want to show that there exist no profitable deviations in this case, i.e., that
Von = Vpn(0so). It suffices to show that

Von(doo) > Vpn(0s) for all s € [0, 00). (23)

First, note that for all s € (0, 00),

N —n

Von(0s) = kn(1—p(1—e MV7m70) (m

)= B(1—=p) < ky—B(1—p) = Vyu(do).

Further, k, < fand p < p} implies that V,, ,(dy) = k, — (1 —p) < N—k;{+1 = Vpn(00)-
Thus, V), ,,(de0) > V0 (05) forall s € [0, 00).
Next, we show that F, ,, is optimal when k,, > 3 or p > p’. We begin by showing

d

d—AV;w((SA) =0forall A € [0,00)if k, > fand forall A € [0,t")if k, <[5 (24)

where t* is the unique solution to p(t*) = p;. Note that

Vy(0a) = / it (p())dW (s) + (N — ) / Vi oymad ()4

. (25)
(1- Z W (A))(knan(p(A)) = B(1 = p(A))),

where V is the first-report distribution associated with the strategy profile in which
i plays 0 and all j # ¢ play F}, .. Then,

08) = (N = m)[Visayar = Fnta(p(2)) + B(1 = p(A)]T(A) = A1 — p(A)) ()
(L= WA (A) (kuet, (p(2) + )
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In the above, the existence of W/'(A) follows from the differentiability of «, at
p(A), and thus, the differentiability of £}, ,, at A. We wish to show that %%m(é A) =
0. To this end, we begin by deriving expressions for ¥”(A) and U~(A). First, it
follows by definition of the first-report distribution that:

A
UH(A) = p)\/ (1 — F,p(s))N e ANV=nts g,
0
Differentiating this, we obtain:
\IJ”(A) _ p>\(1 . Fpm(A))N_ne_)\(N_n—i_l)A.
Meanwhile:
‘ A A
Q) =p [ QB ) (51 ) (1p) [ (1 Fynl9)Y " (5)ds.
0 0

where the existence of F}, (s) again follows from the assumption that «, is
differentiable at p(s). Differentiating this, we obtain:

Fn(A)

Ur(A) = (1 - Fp,n(A))an[m(Pe

—AA(N—n+1) + (1 . p)) + pef)\A(an+l))\]'

It follows from (4) and (3) that

F.(A) 1

= A PG eay Y

Substituting this, along with the definition of p(A), we obtain:

—ir _ N—n/, _—AA(N—n+1 p(A)
U(A) = M1 = Fppu(A)V " (pe 2 '+ (1 —P))m
Note further that
L= W) = (1= B &)Y (pe 307 4 (1= p)). (26)

Substituting the expressions for ¥”(A), ¥~“(A), and 1 — 37, W/(A) into the
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. d L
expression for 7%V, ,(da) we obtain:

d (N —n)

——Vpn(0a) = K[m

A (Vaayms1 = Knan(p(A)) + B(1 = p(A))(1 = an(p(A))))

—kna, (p(A))(1 = p(A))(N —n+ 1)].

where K = A1 — F,,(A)N " (pe 2 =n+D 4 (1 — p))p(A). Because (ODE) is
satisfied at (p(A), n), using it to substitute in for o/, (p(A), we obtain (24).
Now, consider the case where &k, > 5. To show F,, is optimal, it suffices to

show that all pure strategies da yield the same payoff, i.e., that
Von(90) = Vpn(9a) (27)

for all A € [0, oc]. It follows from (24) that (27) holds for all A € [0, 00). It remains
to show that (27) holds for A = oc. By (24),

Von(80) = lim V;.0(6a)

A 4 A :
= Jm [ o (pls)a¥ (o) + (N = m) Jim | Vi ™ (5)
Jim (1 — Z W (A)) (ko (p(A)) = B(1 = p(A)))

= [ R ANV ) + (8 =) [ Va7 ) = Vi),

where the third equality follows from the limit condition lim, ,¢; a,,(p) = 8/kp.

Finally, consider the case where k,, < § and p > p}. Because «,(p(s)) = 1 for all
s > t*, by (4), it follows that I (s) = 0 for all s > t*. Thus, the support of F,,, is
a subset of [0,#*] U co. Thus, to show F,,, is optimal, it suffices to show that d, is
optimal for A € [0,t*] U co. I first show that

Von(6a) = V,u(5o) for all A € [0,#°] U oo (28)

and then show
Von(0) > V,n(0a)forall A € (7, 00). (29)
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To show (28), recall that it follows from (24) that
Von(60) = Vyon(0a) forall A € [0,¢7).

It remains to show V,,,,(dy) = V,,,(0,) for s € {t*,00}. For s = t*, it follows from the
above that
Vo) = Jim Vyu(5a) = Vya (61,

where the final inequality follows from (25), and the continuity of «,,(p(t)) and W7
at t*. I will now show V},,,(d;+) = V},.,(0s ). Note that for all A € [t*, oo]:

Vonl0a) = [ ks, (AW (s +(N=1) [ Viasd¥ ™ (1= 3 W0)Vig )

Thus, to show V,,,(0+) = V,.(d), it suffices to show V- ,,(d9) = Vpr n(s0). It
follows from the definition of p; that:

knpy,
Visn(00) = b = B(L = i) = =% = Vpy 1 (320).

Similarly, to show (29), it suffices to show that V,.. ,,(d9) > V} »(6a) forall A €
(0, 00), which we have established in (23). O

Proof of Lemma 5. Let V,,,(;) denote the value from ¢, under state (p,n) (i.e.,
under common belief p) assuming the firm is informed and thus holds belief 1.
To prove the above statement, it suffices to show

Vo (80) >V, n(6a) for all t € [0, o0]. (30)

Fix an n and assume by induction that the statement holds for all m > n. First,
suppose k, < and p < p!. Then, by (P), a,,(p) = 1. So, \71,7”(50) = k,. This is the
maximum payoff that can be achieved for all m > n, and thus (30) holds. Next,
suppose ky > f. In this case, by (P) and the inductive assumption, V,,,(6;) = j for
all t € [0,00). Meanwhile, \A/p,n(éoo) < (. Thus, (30) holds. Finally, suppose k,, <
or p > pi. Then, for all A € [0, 00),

Von(0a) = (N — n)/o k101 (p'(5))d9 ™ (s) + (1 — (N = n)T7(A))an(p(A)),
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where U7/(A) = [X(1 = F,,(s))N e XN "msd((F,,.(s) — 1)e~*). Differentiating,

2y, 1(02) = (k1041 (9'(A)) =kt (p(A)) 0 (A) (N —n) +[1— (N —n) U~ (A)]p' (A)ar, (p(A),

where U= (A) = A(1 — F, ,(A))N e 280 =) a:’&i)). Substituting, we have

dA‘A/Zn,n((SA) = K[k’n+104n+1(pi(A)) - Vpi(A),nH - 5(1 - an(p))(l —p)],

where K > 0 is a constant. Now, note that

Vpi(A),nH > ‘/pi(A),n-i-l((SO) = ]fn+104n=1(pi(A)) — (1 =p(A)(1 — an(p(A))B.

Thus, d%f/p,n(éA) < 0, and therefore \A/pm((Sg) > f/p,n(cSA) for all A > 0. It remains to
show that V},,,(60) > Vj.n(0s0)-

A~

Vom(0ss) = (N —n) /0 ) ki1 (p(5))d ™ (s) = lim V;u(8a) < Viu(0)-

A—00

Proofs of Welfare Comparison Results

Before proceeding with the proof of Proposition 6, I establish a useful lemma.

This establishes that equilibrium credibility is continuous in the parameters.
Lemma 7. The equilibrium o, (p) is continuous in the parameters {k, }\_, and 3.

Proof. Let us recall that (ODE) is Lipschitz continuous in «,(p) on [z, 1 +¢] for any
x > 0 and some € > 0. It thus follows from Theorem 12.1 in Agarwal, O’Regan,
et al. (2008) that «,,(p) is continuous in {k,}»_, and §3 for any n. O

Proof of Proposition 6. I begin by proving there exists such a k. Fix a k1, 8, X\, po
and N > 1. I begin by showing that welfare is lower under competition with
winner-takes-all payoffs. Let W¢ (WN¢) denote welfare under competition and
under the competition-free benchmark, respectively. I show that if k; = 0, we¢ =
WNC if there is no faking in equilibrium and W¢ < W if faking occurs in

equilibrium.
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Let of and o denote equilibrium credibility under competition and the
no-competition benchmark, respectively. It follows from Proposition 1 and
Proposition 2 that

af (p) < a(p) for all p, (31)

where the inequality holds strictly when of (p) < 1. Now, let F¢(t) [F(¢)] denote
the distribution of the time of the first report in equilibrium under competition and
the no-competition benchmark, respectively. Let f¢(¢) [f(¢)] denote the associated
density function and h¢(t) [h(t)] the associated hazard rate.

Define z(t) = h“(t) — h(t). It follows from (31) that z:(t) > 0 for all t and x(¢) > 0
when of (py(t)) < 1. Now define the PDF of report times generated by a non-
homogeneous Poisson process with hazard rate z(t) as g(t):

g(t) = x(t)e Jo #ds,

and let G(t) denote the associated CDEF. It follows that

W — / 08 (o) Hapo(t) — 3 (o)) — G(1) ()t

- / " a8 (po(t)?[lim F(s) — F(0)]g(t)dt — / T aC(po(®)?[1 — lim F(s)]g(t)dt

S§—00 S§—00

W = [ a0 = GOM W + [ al®)F(lim F(s) — Flatoe
If af (po(t)) = 1 forallt > 0, G(t) = 0 for all t and thus WV¢ = W¢. Meanwhile, if
af(po(t)) < 1 forsomet >0, WNC > W¢.

First consider the case where there is positive faking under £, = 0. It follows
from the above comparison of W"¢ and W¢, along with Lemma 7 that there exists
k such that if ky < k, W < WNC. Next, consider the case where there is no faking
under ky = 0. It follows from Proposition 1 that 5 > k; and py < p* = min{ 2:5, 1},
where 3 # k; by assumption. It further follows from Proposition 1 that there exists
k > 0 such that if ky < k, of(po(t)) = 1 for all t > 0. Thus, conditional on a first

report being made, the common belief becomes p = 1 and a second report will thus

immediately be made (and will always be fake). Thus, for all such k; where k; > 0,
W¢ < Whe,
Now, I show that there exists such a k. I begin by showing that when &, = k;
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forall n > 1, WY = WNC Let P¢ denote the probability that an n' report is
made under competition, and PV¢ the probability that a report is made under the
no-competition benchmark. By Proposition 4,

8 L\~ pot
WNC:PNC—2 WC:— PC—2.
2] RO
It also follows from Proposition 4 that P = PV and that P¢ < PNC foralln > 1.
Thus, W¢ < WNC, It then follows from Lemma 7 that there exists k € (0, k;) such
thatif k, > kforalln > 1, W¢ < WNC,

0]

Proofs of Comparative Statics Results

Proof of Comparative Static 1. First, we establish part (a). Fix all other
parameters and let 0 < 8 < (. Let a and & denote the equilibrium credibility
functions under 3 and f, respectively. Fix an n and assume inductively that the
proposition holds for n + 1 if n < N. Note that for any (p,n) and ¢, p(t) will be the
same under 3 and . Thus to show the above claim, it suffices to show that for any
p, a,(p) is weakly increasing in /3, and strictly so whenever o, (p) < 1.

We begin by showing that «,,(p) = 1 implies that &,(p) = 1. First, consider
the case where n = N. By Proposition 2, an(p) = 1 implies that ky < . Thus,
ky < B, which by Proposition 1 implies that ay(p) = 1. Next, consider the case
where n < N, and assume «,(p) = 1. By Proposition 1, this implies that &, <

and p < p! = ﬁ[i ;i’;n Further note that

= Tk Bdafn

Thus, k, < S and p < pr, which by Proposition 1 implies &,(p) = 1.
Now, suppose that o, (p) < 1. We wish to show that &, (p) > «,(p). Suppose by
contradiction that &, (p) < a,(p). It follows from Proposition 2 that if k, > £,

lim oy, (q) = B/kn < B/kn = lim @,(q).

q—0+ q—0+

Meanwhile, if k, < 5. lim, 5 ,(q) < 1 = limy,p: 1 Gn(q). To see why the latter
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must hold, first consider the case where n = N. It follows from Lemma 4 that
a,(q) = 1 for all ¢. Meanwhile, it follows again from Proposition 2 that ay(q) is
constant in ¢, and because ay(p) < 1, limy_5 1 an(g) < 1. In the case where n < N,
because p;, < pr, it follows from Proposition 1 that o, (p}) < 1.

Thus, we have that both when k, > 3 and when k, < 3, there exists some p < p
such that &, (p) > o, (p) and &, o, satisfy (ODE) on [p, p| , for their respective value
of 8. Thus, there exists a ¢ € [p, p| such that «,,(¢) = &,(¢) and a/,(q) > &l (q). Tt
follows from (ODE) that in order for the above two conditions to hold, it must be

that ~
Viin — Vg

an(q)

X = (- HE=m g+ s @)
where V and V denote the value functions under 3 and /3, respectively. First
consider the case where n = N. Then Vi, .1 = Vz,+1 = 0, and thus X < 0,
contradicting (32).

Next, consider the case where n < N. First suppose that a,,11(¢") = 1. It follows
from the inductive assumption that &,1(¢") = 1. Thus, by Lemma 4, Vi, =
’“”N;_lgi = Vi ns1. Again this implies that X < 0, contradicting (32). Now, suppose
that a,11(¢") < 1. It then follows from Lemma 2 that Vi ,, .1 = kps1041(¢") — B(1 —

q¢'). Furthermore,

Viins1 = ‘7qi,n+1(50) = kny1Gn41(q") — 3(1 —q).

Thus, recalling that ¢' = a,+1(q) + (1 — ant1(q))q, we have
Vot = Vot < kst (01 () = g (¢)).

Substituting this into the above expression for X, we obtain

kni1(ang1(q') — nsa(q'))

rs an(q)

< 0.

where the strict inequality follows from the inductive assumption that a;,,11(¢") <
dn+1(q")). Again, this is a contradiction of (32). O

Proof of Corollary 4. Fix all other parameters and let 0 < 8 < B Assume a
winner-takes-all setting (k, = 0 for n > 1). Let o (V) and & (V) denote the
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equilibrium credibility (value function) under 3 and f3, respectively. We want to
show that V,,,; < V.1 and V,,; < V,, ; when ay(py) < 1.

First, suppose a4 (py) = 1. Because firms are truthful in this case,

k
V;’Oul - ‘/;7071<500) = N17

where the exact same equality holds under 3. Thus, V,, 1 = V1.

Next, suppose a1(py) < 1. It follows from Lemma 2 that V1 = V), 1(x) and

Vo = Vi 1(0s) . Now, note that
Vo1 (6sc) = / k1o (po(s))y'(s)ds and ‘7730,1(500) = / k10~é1(po(s))1ﬁi(s)ds, where
0 0

Pi(s) = pre ™ N(1 — F, 1(s)V "L and ¢i(s) = phe N (1 — F,,1(s))V"!, and F (F)
is the equilibrium strategy under £ (). Now, note by Comparative Static 1 that

a1(po(s)) < ai(po(s)), (33)

where the in equality holds strictly for some interval of s. Likewise,

b1 (po(s)) = ba(po(s)).

where the in equality holds strictly for some interval of s. This implies
Fi(po(s)) > Fi(po(s)), forall s > 0.

This, combined with (33), implies that V,,, ; < V,, ..
U

Proof of Comparative Static 2. Let A > A > 0, and let a, @ denote the equilibria
under ) and ), respectively, fixing all other parameters. We begin by showing that
&, (p) = ay(p) for any p and n. Fix an n and assume inductively that if n < N,
nt1(p) = @nq1(p) for all p on-path. Let V, V denote the value functions under the
equilibria associated with \ and ), respectively. Note that V,,,1; = V, .. for all p

on-path. In the case wheren = N, V,,,,11 =V, 11 = 0, and thus this holds trivially.
In the case where n < N, this follows from the inductive assumption.
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By Lemma 4, «,, and &, must both be a solution to (P) at all (p,n) on-path,
which does not depend on A. By Theorem 1, the solution to (P) is unique, and
thus a,(p) = a,(p) at all (p,n) on-path. Now fixing any p and n, let p(¢) and p(¢)
denote the common beliefs under A and ), respectively. It follows from (2) that
p(t) > p(t) for all t > 0. Thus, because «,(p) and &, (p) are both weakly decreasing
in p (Proposition 3), it follows that «,(p(t)) < a,(p(t)). Furthermore, since &(p) is
strictly decreasing in p (Proposition 3) whenever «,,(p) < 1 and ky > £, it follows
that a,(p(1)) < an (p(t)). O

Proof of Comparative Static 3. Let o and & denote the equilibria under N and N +
1 firms, respectively, fixing all other parameters. We begin by showing that for all p,
a,(p) > an(p), and a,(p) > &, (p) when a,(p) < 1. To this end, fixann € {1,..., N}
and assume inductively that the claim holds for n + 1 whenever n < N. We begin
by showing that &, (p) = 1 implies that ,(p) = 1. Suppose that &, (p) = 1. By
= % Because p! = % > pr, it
follows from Proposition 1 that o, (p) = 1.

Proposition 1, 8 > k,, and p < p},

Now consider the case where &, (p) < 1. We wish to show that &, (p) < a,(p).
To this end, we begin by making the following observation:

If o, and &, both satisfy (ODE) at ¢, and a,,(¢) = &,(q), then a/,(¢) > &, (q). (34)

Let us now establish this. Note first that for a,, and &, to both satisfy (ODE) at
g, given that o, (q) = @,(q), the following must hold:

-1 N —n

ay,(q) = k(1 — Q)am(q) N — 1 + 1(knan(Q) = Vi1 — B(1 — an(@))(1 — q))
30) = e g (tr0nl0) = Ve = 61 = 001 = ).

where V and V denote the value functions under the equilibria with N and
N + 1 total firms, respectively. Note that if n = N, o/, (¢) = 0. Meanwhile, by
Proposition 3, &,,(¢) < 0. Thus, &, (¢) < a,(q) must hold. Next, consider the case
where n < N. We begin by observing that Vj: ;1 > V,i 1. To see why this must
hold, first consider the case where a,,,1(¢') = 1. It then follows from the inductive
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assumption that a,,(¢") = 1. Then, by Lemma 4,

- - kni1q' kni1q'
Varnir = Vatni1(0c) = N —n < N—-n-—1

= Viint1(000) = Vi pg1-

Next, consider the case where &,(¢') < 1. In this case, it follows from Lemma 2
that

V;]i,n—‘rl = ‘Z}i,n—l—l((s(]) = kn—l—l&n—&—l(qi) - 6(1 - qz) < kn—&—lan—l-l(qi) - ﬁ(l - qZ>
= qi,n-i-l((so) < Vi,

where the strict inequality follows from the inductive assumption made above.
Examining the two ODEs listed above, since by Proposition 3, o, (¢) < 0, it follows
that &, (¢) < o, (q).

Now, assume by contradiction that a,(p) < &,(p). We begin by showing that
there exists a ¢* < p such that &,,(¢*) < «a,(¢*). First consider the case where k,, > (.
Then, by Proposition 2,

Hm a,(q) = lim an(q) = —.
Jim on(q) = lim dn(q) o

Then, by the continuous differentiability of «,, and &, on (0,p), it follows from

Equation 34 that for some ¢* < p sufficiently small «o,(¢*) > &,(¢*). Next,
B—kn
— B/(N—n+1)—

that a,,(p:) = 1. Meanwhile, because p; < p: = /B/(zvﬁnﬁ

Proposition 1 that &, (p}) < 1, and thus, we have for ¢* = p}, &,,(¢*) < a,(¢*).

consider the case where £k, < 3, and let p}, = . Note by Proposition 1

it follows from

Since &,,(¢") < a,(¢*) and &, (p) > a,(p), by the continuous differentiability of
a on [¢*, p], there must exist some ¢ € (¢*, p| such that o,,(q) = @&,(¢q) and o/,(q) <
al (q). However, this is a contradiction of (34).

Now fixing any p and n, let p(¢) and p(t) denote the common beliefs under N and
N +1 firms, respectively. We wish to show that on some interval [0, t], where t > 0,
an(p(t)) > &, (p(t)) is weakly increasing in ¢, and strictly so whenever a,,(p(t)) <
1. First consider the case where a,(p(t)) = 1. In this case, the statement holds
trivially. Next, consider the case where «a,,(p) < 1. It follows from the above that
a,(p) > an(p). Now note that it follows from (2) that lim;,o+ p(t) — p(t) = 0. Since
a,(p(t)) and &, (p(t)) are both continuous in ¢ (Lemma 3), it follows that for some
t >0, a,(p(t)) > a,(p(t)) forall ¢t € [0, ]. O
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Extension: heterogeneous ability

I now consider an extension in which firms have heterogeneous learning
abilities. This will shed light on how a firm’s credibility correlates with its ability
in equilibrium.

The extended model is identical to the model above except for three changes.
First, rather than assuming that each firm is endowed with the same ability )\, each
firm ¢ is endowed with a firm-specific ability \’, which is common knowledge.
Second, for tractability, I restrict attention to a winner-takes-all setting: i.e., I
assume k,, = 0 for all n > 1. Finally, I relax the equilibrium symmetry assumption.
Accordingly, let o' denote the credibility of firm .

I obtain an intuitive result: firms with higher ability are more credible in

equilibrium.

Proposition 7. For all (i, j) such that X' < M, o/ (p(t)) < o? (p(t)). Furthermore, this
inequality is strict whenever o (p(t)) < 1.

Proposition 7 states that regardless of when a report is made, a firm with higher
ability is weakly more credible, and strictly so whenever firms are not fully
truthful. Let us consider why this correlation arises. First, note that high ability
firms are able to confirm a story more quickly and thus, all else equal, pose a
greater preemptive threat in equilibrium. This in turn implies that in comparison
to a high-ability firm, a low-ability firm faces a greater preemptive threat. Thus,
the low-ability firm finds immediate faking more advantageous. In light of this,
the firms’ credibilities must adjust in such a way to preserve their respective
indifference conditions. This is achieved endogenously by means of a lower
credibility for the low-ability firm, which ensures that it has less to gain from
taking.

Proofs: heterogeneous learning ability

Here, we consider the extended model presented in above. The objective
is to establish Proposition 7. This proof will require extending certain results
established in the baseline model to the extended model. Regarding Lemmas 1-4,
I will take for granted that these hold under the extended model. Formal proofs of
this are omitted as all proofs presented under the baseline model will also apply

to the extended setting.
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Next, I establish that Proposition 1 holds under the extended model. This claim
is presented as Proposition 1'. In the analysis below, Ilet V;, denote firm i’s value.

Proposition 1”. For all i, there exists a p** € (0, 1] such that at any p on-path, o/ (p) = 1
if and only if the following two conditions hold:
1. ki <

2. p<p*

Furthermore, p’* > p** whenever N > \'.

Proof. Fix an i. Suppose that k£; < 3. By identical reasoning as Proposition 1, for

all ¢ < '3;1]“, ai(q) = 1. Let

p"™* = sup{p|a’(p) = 1forall ¢ < p}.

It follows by definition that o} (p) = 1 for all p < p*.

Next, we will show that of(¢) < 1 whenever k; > /3 or p > pi*. Suppose not by
contradiction. First, consider the case where k; > 8 and o' (p) = 1 for some p. Then
we have that

V21 (60) = kip+ (k1 — B)(1 — p) > kaip > V) 1 (6)

Thus, 7 can profitably deviate at p. Contradiction. Next, consider the case where
q > pi* and o (p) = 1. In this case, a contradiction follows from identical reasoning
to what is presented in Proposition 1.

Finally, we show that p’* > p** whenever MV > )\’. Suppose by contradiction that
p’* < p™. Note that because j is truth telling at (p’*,n = 1), X/pﬂm(éw) > \/;;-*71(50).
Furthermore, because p’* < p™, i is also truthful at (p/",n = 1). Thus,

Vj;* 1(60) == ‘/pij* 1(500) = kl - ﬁ(]‘ _p)
) 1>
Now, note that because X/ > )\,

Vo [000) > Vi (0c0).

"1

Combining these inequalities we have Vp@ (00) < Vp’] ,(00). However, because
. . 1> 1 >
of(p*) =1, Vp]j* L= Vp”j* (0s). Contradiction. 0
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Next, we extend Proposition 2 to this setting. Note this entails deriving an ODE
that applies to this extended model, (ODE-i).

Proposition 2’. In equilibrium, for any p on-path, if ky > 3 or p > p™, then the following
must be satisfied:

/\. Z] ; N .
Zfé}a I e L ey

ki
In addition, lim, oy & (p) = B/ki must hold if ky > [, and lim,, ., oi(p) = 1 if
ki < B.

B

o (p) = ——(

Proof. Let us first establish that (ODE-i) must hold under the conditions specified.
When k; > f or p > p™, it follows from Proposition 1’ that o’ (p(t)) < 1. It then
follows from Lemma 2 that there exists an ¢ > 0 such that for all A € (0,¢),

‘/;,1(5A) - V;,l (50)

A =0.

Recall that V}}, (do) = k1ai(p) — B(1 — p). Meanwhile,

A
Vialoa) = [ kod(o(e) ¥ (s)as + (1 - 3l () faon(p8)) = A1 =)

where VU is the first-report distribution associated with the strategy profile in
which i plays d, and all j # i play the equilibrium strategy F’ ,. Specifically, for
all s > 0, .

Ti(s) = pA / e ST = By ()
0 i#i

and for j # i,

+(1—p H (1—FF (r)dF(r).

Substituting these two expressions into the above equation for V!, (da) and

following the same sequence of steps as in the proof of Proposition 2 yields
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(ODE-i).
The two limit conditions are established by the same reasoning presented in the
proof of Proposition 2. O

Proof of Proposition 7. Fix any (i,j) such that \' > M. We want to show that
o (p(t)) < oJ(p(t)) and that of(p(t)) < of(p(t)) whenever oi(p(t)) < 1. First
suppose o’ (p) = 1. In this case, o/ (p) > o] (p) is trivially satisfied.

Next, suppose o’ (p) < 1. We want to show that o (p) > o (p). Suppose by

contradiction that o (p) < o] (p). First consider the case where k; < 3. Then, let

¢* = inf{g|o? (p) < 1and of(p) < ai(p)}.

Because the o are continuous, it follows from Proposition 1’, and the assumption
that o} (p) < aj(p), that ¢* < p exists. Again, by continuity, o} (¢*) = ai(q*). It then
follows from (ODE-i) that o?'(¢*) < a¥(¢*). But this implies that for some ¢ > ¢*,
o’ (¢*) > @i (¢*). Contradiction.

Next, consider the case where k; > (. Recall by Proposition 2’ that
lim, 0, i (p) = lim, o4 o(p). Thus, there exists some ¢ € (0,p] such that
ai(p) < of(p) and o(p) < o (p). However, it again follows from (ODE-i) that
o (p) > o (p). Contradiction. O

Alternative payoff specifications

Here, I consider the equilibrium under two alternative payoff specifications for
the firm. First, I consider the case where the firms market share from reporting a
story is a function of its perceived accuracy (rather than credibility). I show that the
copycat effect occurs under this alternative specification as well. Second, I consider
the case where the firm’s market share does not depend on consumer beliefs, and

show that the copycat effect cannot occur in this case.

Alternative specification 1: Perceived accuracy
Under this alternative specification, let us assume that the firm’s payoff from

making a report is given by

where p is the consumer’s belief that § = 1 immediately following the report.
I otherwise maintain all assumptions of the baseline model. I now make two

observations about the equilibrium under this alternative specification:
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1. For a report that is made under state (p, n):

p= an(p) + (1 - Ozn(p))p,
where «,(p) is the credibility of the report as previously defined.

2. Lemma 1 does not necessarily hold, i.e., there may exist point masses in
the distribution of faking. This is due to the fact that, unlike the baseline
specification, a firm will earn a strictly positive market share k,p in
equilibrium from making a report with strictly positive probability at a given
history.

In light of point 2 above, I must first augment the definition of the copycat effect
to take into account the possibility that there is a point mass in faking. Formally,

letting ¢, (p) = F,,(0), we say a report at (p, n) triggers the copycat effect if:

Gn+1(P) — gn(p) > 0 and p # 1 (36)

or

¢n+1(p) = 0 and b, 1(p) — bu(p) > 0.

(36) takes into account the possibility that there is a point mass in faking: in this
case the copycat effect occurs if a report triggers an increase in the point mass
of faking (assuming the common belief does not increase to 1, in which such an
increase trivially occurs by (SC)).

Before proceeding, I show that if the common belief is sufficiently low, there
cannot be point masses in faking.

Lemma 8. Foranyn,ifp <p= knﬁ then g, (p) = 0.

Proof. Fix an n and suppose that p < p. Suppose by contradiction that ¢,(p) > 0.
By the definition of p:

V(o) = ku(p) — B(1 —p) <O0.

It thus follows from the same reasoning presented in the proof of Lemma 1 that
(20) is a profitable deviation. O

I now show that the copycat effect occurs in this case. Namely, I show that

Corollary 3 holds under this alternative specification.
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Proposition 8. Corollary 3 holds under the alternative payoff specification (35).

Proof. First, note by Lemma 8 there exists a p such that for all p < p, if ¢,1(p) > 0
a report triggers the copycat effect. Now, I claim that there exists a ' such that
for all p < 7, if ¢,.1(p) = 0O, then b,,1(p) — b,(p) > 0. It suffices to show that
lim, 0+ byt1(D) — bn(p) > 0. We proceed in a number of steps:
1. First, we show lim,,_,o; b, (p) = 0. Suppose not, by contradiction. Then there
exists a 0 > 0 such that forall e > 0, there exists a p € [0, ] such that b, (p) > 9.
For any such p,
Ap AD
= — < —
Ap+bu(p)  Ap+6

Now, note that for any given p

an(p)

a(p).

O+ A

Vi (B0) < (51 = (9) +3(9)) — B~ §) < 55

=801 —p)

The right-hand side of the above inequality is continuous in p and strictly
negative when p = 0. Thus for some ¢, for all p € [0,¢], V;,(dp) < 0. It thus
follows from the same reasoning as that presented in Lemma 6 that there is a

profitable deviation.

2. Next, show lim, ;o4 a,,(p) = % First, note by Lemma 8§, it follows from the
same reasoning presented in Lemma 2 that for all p < p, V,,,(d0) = V,1(do0)-

Furthermore, lim, ,o; V), ,,(0os) = 0. Thus,

lim V,,n(0) = lim ky[an(p) + (1 — an(p))p] — B = 0.

p—0+ p—0+
Thus, lim, o1 a,,(p) = %"
Thus, by the continuity of b,,1: lim,_,o [by41(D) — b,(p)] = but1(B/kn) > 0. O

Alternative specification 2: exogenous payoffs

To demonstrate the role of endogenous payoffs on the equilibrium, I consider
an alternative payoff specification where market share is exogenous. Specifically, I
assume the firm’s payoff is given by the following:

kn — BI(0 = 0),
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where k; > ky > ... > ky > 0. Finally, I assume away the knife-edge case where
B =k, for any k,.

I now show that under such a specification, the equilibrium is such that firms
either report truthfully or report immediately. Furthermore, while in general there
will exist asymmetric equilibria, I will drop the firm’s index when referring to their

strategy.
Lemma 9. In any equilibrium for allp < 1, I (s) = 0.

Proof. Suppose by contradiction that the statement does not hold. First, I show
that if F),,,(s) = 0 for s = 0, then F,,(s) = 0 for all s > 0. Suppose not, by
contradiction. ILe., suppose that in some equilibrium F,,(0) = 0 and F},,(s*) > 0

for some s* > 0. Now, consider the following alternative strategy:

. F,
Fp,n(s) =
F,

n(s*)  fors e 0, s
pn(

S
s) fors > s*

It follows that

Vol F) = VinlF)+ 3 [ = (1= $(9) = Vot (P0(s).

j#i 70

Since the j # i must be acting optimally, >°.; [k, — B(1 —p/(5)) = Vpi(s)mr1 (F)] > 0.

Thus, V,.(F) > V,.(F) and F is not an equilibrium strategy. Contradiction. O

Next, using the above lemma, I show that the copycat effect cannot occur under
the exogenous payoff specification. Specifically, a report by a firm can induce an
increase in faking only if the report is truthful. I formalize this as Proposition 9.

Proposition 9. Under exogenous payoffs, the copycat effect never occurs.

Proof. Fix any (p,n). First note that if p = 1, F,,,(0) = 1, and hence the copycat
effect cannot occur. Now suppose p < 1. Let us consider two cases:
1. First, suppose F},,(0) = 0. Then it follows from Lemma 9 that b, (p) = 0, and

so p = 1. Thus, by definition, the copycat effect does not occur.

2. Suppose F, ,(0) > 0. Then a,,(p) = 0. Thus p = p. By definition, the copycat
effect can occur in this case only if ¢,,+1(p) > ¢,,(p). Assume by contradiction
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that this is the case. Therefore, ¢,.1(p) > 0 and ¢,(p) < 1. Therefore,

kn = B(1 = p) < kpi1 — B(1 = p).

Otherwise, ¢,4+1(p) = 1 is a profitable deviation. Thus, k, < k,41.
Contradiction.
OJ
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